THE PENNSYLVANIA
STATE UNIVERSITY

IONOSPHERIC RESEARCH

o) Scientitic Report No. 189
-

AN INVESTIGATION OF THE INFLUENCE OF COLLISIONS
22 N LOW FREQUENCY GROUP HEIGHTS

by
J. D. Hardy
July 15,1963

“The research reported in this document has been sponscred
by the Geophysics Research Directorate of the Air Force
Cambridge Research [.aboratory, Office of Aerospace Research,
i United States Air Force, under Conpract AF19(604).8017°"

IONOSPHERE RESEARCH LABORATORY

University Park, Pennsylvania Coﬁtrcct No. AF19(604)-8012
Project 7663, Task 766301



"Requests for additional copies by Agencies of the
Depariment of Defense, their contractors, and other Gov=-
ernment agencies should be difected tc the:

DEFENSE DOCUMENTATION CENTER
ARLINGTON HALL STATION
ARLTNATON 12, VIRGINIA

Department of Defense contractors must be esvdblished

for DDC services or have their 'need-to~know' certified
by the cognizant military agency of their project or
contract."

"All other persons and organizations should apply
to the: . - ;

U. S. DEPARTMENT OF COMMERCE 3
OFFICE OF TECHNICAL SERVICES .
WASHINGTON 25, D. C.* T c



AFCRL - 63-653

Ionospheric Research
Contract AF19(60L)-8012
Scientific Report

on

"An Investigation of the Influence of Collisions

on Low Frequency Group Heights®
by

J. D. Hardy
July 15, 1963
SCIENTIFIC REPORT NO. 189
(Project 7663, Task 766301)
*"The research reported in this document has been sponsored
by the Geoppysics Research Directorate of the Air Force

Cambridge Research Laboratory, Office of Aerospace Research,
United States Air Force, under Contract AF19(60L)-8012."

Ionosphere Research Laboratory

Submitted by: ) Flrony—

K. J. Ferraro, Assistant Professor
of Electrical Engineering

' (
Approved by: q W_
A. H. Waynlck, Proféssor of

Blectrical Engineering, Director IRL

THE PENNSYLVANIA STATE UNIVERSITY
College of Engineering

Department of Blectrical EBngineering



TABLE OF CONTENTS

ABSTRACT & ¢ ¢ o v o ¢ & o o o

LIST OF SYMBOLS ¢ & « o o « o o

1.

INTRODUCTION . + o ¢ « o &
1,1 Origin of the Problem .

1.2 Previous Related Studies

1.3 General Statement of the Problem

1.4 Specific Statement of the Problem

MATHEMATICS OF GROUP HEIGHT
2.1 Full-wave Theory « « « o«
2.2 Ray Theory o« o o o « o o

2.3 Phase Integral Method .

o

o

2.4 The Conversion of h'f Records to

N-h

Profiles

THE GROUP INDEX OF REFRACTION INGLUDING COLLISIONS

AND MAGNETIC FIELD o o o o o

L]

°

©°

o °

3.1 Appleton-Hartree and p' Equations., .

3.2 Presentation of p' Curves

-]

°

°

o o

© L] ° e °

° 0 ° . °

° ° ° o .

3.3 General Discussion of the Influence of

Collisions o « « o o o o

°

. °

INFLUENCE OF COLLISIONS ON GROUP HEIGHTS

L.l Method of Obtaining Group Heights

4.2 Presentation of Tables .

4.3 Importance of Collisions

°

°

RYS

o o

Page

ii

-

AVo TN S R BN s WA | G\ )

1k
16

19
19
22

34
39
39
b1
52



5. PRESENTATICN OF TYPICAL RECORDS FOR WHICH RAY

THEORY CAN BE APPLIED P 6 0 8 80 00 000000000t 0 00RO

5.1 Presentation of RecOrds cccceoccccccccnnssns

5.2 Brief Description of the Low Frequency

Ionosonde 0 6 80 005 05 00 B E OO0 R0 GO SOOI EOE NS OSEOES

6. SUMMARY AND CONCLUSIONS «eccessovasscnsssocossaos

6.1 Statement of the Problem ..c.scecescesscscncsns

6.2 Review of the Procedure .iceseseescsoosasens

6.3 CONClUSIONS toeevrevcocsosoorsocssannsonssane

6.4 Suggestions for Further Study .ciccececosscs

REFERENCES
APPENDIX A

0 0. 060 0063060060000 866004000800000602000080800000080e0

G 6 0 0 06 0950080 0004006460800 0000800600000 00¢ 080800

56
56

59
63
63
63
64
66
67
69



ABSTRACT

In this report virtual heights from five different
models representing realistic ionospheres are computed.
Computations are made including collisions and neglecting
collisions, and the results are compared to determine the
magnitude of the errors produced when collisions are
neglected, Limitations are stated which must be placed
upon frequency and model shapes, in order that ray theory

may be applied.,
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magnitude of charge of electron in coulombs
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permeability of free space

nf/c = propagation constant in free space
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vp = gctual phase velocity
p'! = c/vg = group refractive index
vg = gctual group velocity
Ex, E

E, = wave fleld electric vector components

y* "z
Hy, Hy, Hz = wave field magnetic vector components
F, Fo, Fx = field variables in Férsterling's equations

f = operating frequency (cycles/sec unless other-
wise noted)

f, = [Nez/ﬂeonﬂéf- plasma frequency

fp = penetration frequency for the ordinary mode
h = height (km)
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h'f= virtual or group height

hy, = height of reflection

height of the base of the ionospheric model
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height of maximum electron density
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coupling parameter

. ® = wave polarization

7 = angle between By and the positive z axis

z axis 1s vertical with positive direction upwards
y axis is horizontal in magnetic north direction
x axis 1s horizontal in magnetic east direction

Tine vafying factor e*®t ror all wave quantites
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1. INTRODUCTION

1.1 Origin of the Problem

Radio sounding by pulsed radio waves 1s the simplest
and most economical method of obtaining continuious meas-
urements of ionospheric effects. Much has been learned about
the electron density distribution which exists along the path
of the wave from these radio sounding experiments.

Breit and Tuve (1926) were the first to employ pulse
transmissions to separate lonospheric echoes from the direct
wave. By transmitting a short radio pulse and by measuring
the time delay between the echo and the direct wave, the
apparent reflection height (sometimes called group or virtual
height) was deduced. The virtual height is defined as that
height to which the pulse would travel in the measured time
delay 1if it travelled at all times with the velocity of
light. Since the electron density in the 1lonosphere at the
height level from which the pulse 1s reflected 1s a known
function of frequency, much can be learned from measurements
of the varlation of the apparent reflection height with
frequency of the probing signal.

The ionosphere can be divided into two main reglons -
the E and F regions., The E-layer has its maximum electron
density at a height of about 110 km and the F-region at a
height of about 300 km. These values are only representative
since diurnal and seasonal variations can often be quite

complex., Often, during daylight hours, the F-region exhibits



-2-

a "bump" or a maximum of electron density below the main
peak of the layer, When this occurs the lower of the two
maxima 1s called the Fl-layer and the upper 1is called the
Fz-layer. Further, during the daytime, there may be ob=
served a region which has its maximum around 80 km and is
- 'known as the D=layer.

This study 1s only concerned with the lower iono-
sphere, e.g., the D and E-layers. From an experimental
view point, the structure of the lower iondsphere (struc-
ture here referring to the electron density-height pro-
files) has been determined by ground based radio tech-
niques and, in recent years, by means of rocket=borne

experiments.
1.2 Previous Related Studies

Gardner and Pawsey (1953) measured the group heights
and reflection coefficients of both magneto-ionic com=-
ponents of a 2 mec/s pulse transmitted with linear polar-
ization., The electron density-height (N=h) profiles for
the D-reglion were deduced from the slope of integrated
differential absorption curves versus heilght for the two
components.

Fejer (1955) obtained results from a pulsed wave
interaction experiment on two frequencies near 2 mec/s.
These N-h profiles agreed with those of Gardner and Pawsey,
within an order of magnitude. Again, this technique is

useful for D-region studies,
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Many investigations by other ionospheric workers, in-
cluding those at the Ionosphere Research Laboratory, have
been carried out, and have been summarized by Waynick (1957).

Seddon, Pickar and Jackson (1954), Berning (1950), and
others have deduced N=h profiles to helghts including and
well above the E-region using rocket-borne instrumentation
or related techniques. Sweep=frequency radlo sounding
techniques in which the sounding frequency 1s varied over
some specific range have long been in use in high fre-
quency (1 mec/s and above) ionospheric research and have
been put to use 1in low frequency work by Watts and Brown
(1952) of the National Bureau of Standards, Lower fre-
quencles are required for determining the structure of
the lower ionosphere to insure reflections from the
E-region rather than the upper regions of the ilonosphere,
An experiment similar to that of the National Bureau of
Sﬁandards was placed in operation at the Ionosphere
Research Laboratory at the Pennsylvania State Unilversity
by Sechrist (1958) to permit routine sweep frequency
group height recordings (sometimes abbreviated h'f) in
fhe range 100 - 1000 ke/s. It was found, however, that
such measurements did not yield sufficient information at
these low frequencies to easily determine the electron
density profile; a more complete understanding of the
lower ionosphere can be obtained if the polarizatlon char-
acteristics of the reflected waves are simultaneously meas-

ured as well.
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Parkinson (1955) used a crossed pair of loop antennas
at a fixed frequency of 150 ke/s tc measure the complete
polarization characteristics (tilt angle, axial ratio, and
sense of rotation) of the returned echoes, 1In this tech-
nique, a polarimeter was used in which the phase of the sig-
nal in one loop is advanced by »/4 and that of the other
loop retarded by the same amount. Then the circular mag-
neto-ionic components, known as ordinary and extraordinary,
which will be defined later, are formed by the vector sum
and difference of the phase shifted loop signals,

Carlson (1960a) adapted Parkinson's fixed frequenc&
method to sweep frequencles but measured only the sense
of rotation of the received polarization ellipse, Carl-
son's polarimeter, which has been in operation at the
Ionosphere Research Laboratory~since the"exbérimeﬁt was -
begun, was used to obtaln the records which are presented
in Chapter 5 of this study.

Carlson (196bb) and Brunnschweiler (1960) were able
to explain certalin types of low frequency phenomena ob-
served on the records; but in thelr analysis, ray theory
was used and, furthermore, the influence of electronic col-
1isions which take place in the lower regions was neg-
lected. In general, these assumptions cannot be made for
low frequency observations as may frequently be done for
the reduction of high frequency ionograms., However, they
gave proper Jjustification for these assumptions when used

in their interpretations.
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1.3 General Statement of the Problem

The low frequency sweep sounding equipment which 1is
in operation at the Ionosphere Research Laboratory 1is the
only such experiment in the world now operating on a routine
basis. The data which have been collected over the years
contains a wealth of information. However, the involved
theory of ionospheric radio wave propagation at low fre=-
quenclies has made it extremely difficult to interpret but
a few of these data.

Because of the very steep electron density gradients
which can occur in the lower ionosphere, a full wave so=-
lution must be used to properly explain many of the fea-
tures observed; this 18 indeed an involved investigation.
There are several situations, however, in which records
with large group retardations do occur over the sweep fre-
quency range. It 1s these cases which permit an analysis
of such records by an application of the more simplified

ray theory.

1.4 Specific Statement of the Problem

For high frequency h'f data, ray theory has been
successfully used to convert such data directly into
electron density profiles. This theory is valid only if
collisions are negligible, as they are at the higher fre-
quencies, Somewhat similar methods of data reduction might
be possible if the influence of collisions at the lower

frequencies could be properly accessed. Upon this basls,
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the specific alms of thls investigation are:

(1) To systematically investigate the effect of
collisions upon group height computations for
several realistic ionospheric models at D and E=-
reglon height levels over the sweep frequency
range of 100 - 1000 kc/s,

(2) To evaluate the results in order to determine
the magnitude of the errors produced when col-
lisions are neglected and to define what limita-
tions must be placed upon frequency and model
shapes, i1f any, in order that the simplified ray
theory may be applied.

Although several workers have made group height com-
putations with collisions included at certain selected fre-
quencies, information pertalning to the degree in which they
affect the propagation of radio waves, as far as group
height i1s concerned, 1s still lacking. The objectives of
this study, it 1s believed, will assist in the interpretation
of low=frequency sweep records and extend the present knowl-

edge of the electron density of the E-region.
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2. MATHEMATICS OF GROUP HEIGHT

2.1 Full-wave Theory

Fdrsterling (1942) showed that the vertical propagation
of waves in a nedium in which N and vare functions of

height only 1s described by the coupled wave equations:

2 ’
Fg + Fo(k n§+02) = ¢ Fy + 2¢F, (2.1)
F7 4+ F (K n2+y2) = ¢'F e 2
x x nxty©) = § Fo + 2¥F, (2.2)
where %_
Fo = Eg(pg -1) describes the ordinary mode,
1
F, = E§(pg -1)2 describes the extraordinary mode,
V= pé/(pg -1) is the coupling parameter,
Po is the wave polarization of the

ordinary mode,
Nys Ny are the complex refractive indices.
Let us consider the properties of such coupled equa-
tions., According to Budden (1961) the term "coupled equa-
tions" 1is usually given to a set of simultaneous, ordinary,
differential equations with the following properties:
(1) There is one independent variable,
(2) The number of equations is the same as the number
of dependent variables,
(3) In each equation one dependent variable appears
in derivatives up to a higher order than any
other. The terms in this variable are called

"principal” terms and the remaining terms are
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called "coupling"terms,

(4) The principal terms contain a different depend-
ent variable in each equation, so that each depend-
ent variable appears in the principal terms of
only one equation,

It 1s often possible to choose the dependent variables
so that the coupling terms are small over some range of
height, as in the case for the Farsterling equations; then
the equations may be solved by successive approximations.
As a first approximation the coupling terms are neglected
and the resulting homogeneous equations, containing only
the principal terms, are solved. These solutions are in-
serted in the coupling terms and the equations are again
solved by the varlation of parameters technique to give a
better approximation., This method 1is obviously impracti-
cable when any of the cqupling terms become large,

The coupled equations for the most general case of
oblique incidence would be very complicated for numerical
computation; but Forsterling's second-order equations for
vertical incidence, which may be derived directly from
Maxwell's equations and the constitutive relationships of
the lonosphere, are much simpler than the oblique case so
that they can be used for numerical computations,

Coupling 1s important at vertical incidence in two ways.
There can exist a level in the ionosphere for which ¢ 1is
large, either because X = 1, the so-called coupling re-

gion, or the electron density gradient 1s large., When



-9-

this coupling is strong it can give risge to the Z-trace at
the higher frequencies and to the " coupling echo" at lower
frequencies. At low frequencies even though V¥ can be small
it can have a cumulative effect over a large range of
height. It has been shown from first order solutions to
the Forsterling equations that an up-going ordinary wave
gives rise to a down-going extraordinary wave from the
coupling region, and vice versa. There is then the pos-
8ibility that there will be a direct echo from the cou=
pling region. The presence of a coupling echo can indicate
that the ionosphere is not slowly varying. Thils is most
likely to occur when the wave length is long and explains
why coupling echoes are not usually seen above 500 kec/s.

Much progress has been made in developing approx=-
imate solutions of these coupled wave equations, and the
reader 1s referred to the works of Gibbons and Nertney
(1952), Davids (1955), Budden (1955), Johler (1962), and
Ferraro and Gibbons (1958).

2.2 Ray Theory

If N is slowly varying, then ¥ can be shown to be

small and the equations (2.1) and (2.2) reduce to

F.+kn"F =20 (2.3)

2_ 2

"
F, + k'n,"F =0 (2.4)

which shows that the ordinary and extraordinary waves

propagate independently. These equations cannot be solved



in closed form, except for a few speclalized functional

foms for n_ and ny, but if the complex refractive index

(e}
is slowly varying one can apply the approximate W.K.B.

solution
1

F = n-%exp[-,jkfndh] (2.5)
o

This expression is quite accurate provided

3[ign 2 11 32
h 2

This conditlon is best met at high frequencies on account

1
YZ

& 1 (2.6)

of the factor 1/k2, but no matter how high the frequency or
how small the derivatives, the condition 1s sure to fail at
a level where n passes through a zero. At this point we
have a reflection condition for the wave and the W.K.B.
solution breaks down. For a more detailed theory of the
propertles of the W.K.B. solution it 1s suggested that the
reader refer to Budden (1961),

It 1s seen from the form of the solution given by (2.5)
that the ray suffers an absorption and phase shift, in
that n can be complex, as the ray propagates through the
ionospheric medium,

Although ray theory involves many approximations, its
use 1s rermissible in explalining several features of iono-
spheric propagation, particularly at high frequencles. At
lower frequencies the lonosphere can change appreciably
within a distance of one wave length, and cannot always

be regarded as a slowly varying medium. Then the W.K.B.
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solution may fail to be a good approximation, and a full
wave=-solution is required.

Whenever the coupling parameter is large, as will be
the case when the derivative of the polarization term 1is
approximately equal to one, ray theory can no longer be
used and this can occur at the level where N = Nc‘

Thus far only continuous wave solutions have been
described; let us now consider a pulsed wave. Following
as analysis similar to Gibbons and Rao (1957), but cor-
recting an error which appeared in their paper, the
transmitted pulse may be considered to have a Gaussian

envelope and thus represented by

£(t) = ne=(t/T)2guot (2.7)

where " is the carrier frequency of the pulse, T the
time for the envelope to drop to 1/e of its maximum value
A, The Fourier transform of f(t) is also a Gaussian

spectrum of the form
ﬁ"#(“‘-wz (2.8)

and thus f(t) may be considered to be the superposition

of an infinite number of carrier waves,
e(t) = AL[ oTP(u=00)% 4+ Jut (2.9)
o © 3 '
- 0

We may now consider that each carrier wave of frequency
has a complex reflection coefficient R(w)e'dﬂ(“) which

would specify the amplitude and phase of that particular
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wave at the receiving station after lonospheric reflection.
The pulse received after reflection would then be

+o 2 2
T (wmw ) + Jut
F(t) 'E%%][%(m)e‘Jﬂ(“)e' - au , (2.10)

We now assume that R(w) and #(w) across the band
of frequenclies contributing significantly to the pulse

have the linear form
R(w) = Ro[l + p(m-uoﬂ (2.11)
and flw) = g, + q(w-wo). (2.12)

The above can be considered to be the first two terms of
a Taylor series expansion. Making the substitution

W= wew ., the expression for the received pulse then ap-

pears as
(‘1ﬂ +jW(t-q)
-38, Jugt (1+pw)e aw . (2.13)
F(t) = e ATR e _

2T

This integrates to

-J9 Ju.t - ( )
F(t) = e OATRoe Yo [% + 2p(t Q)] (2.14)
12

If p, the rate of change of received amplitude with
frequency, wss zero the received pulse would have the same
shape as the transmitted pulse, but the maximum would be
delayed by a time q. If the phase index of the ilono-
spheric medium at ©, is u(h,uo), the total phase path would
be %[th by ray theory; that 1s, the distance which would

be traveled in the same time, if the phase velocity of the
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wave was everywhere c, the velocity of light in vacuum,
The time delay q = d¢/dw can be obtained in the following
way. The phase delay f(w) can be found by taking
2[Efm)2n/x° dh. Then

0
= = r— B +' — 201

s0 that setting qc/2 equal to the virtual reflection

height h', one finds that
h h

r r
h' -f (u+f§.‘£‘r)dh = fu'dh (2.16)
[») (o]

where y + fdu/df 1s designated by u' which 1is called the
group refractive index of the medium,

In the above formulation for the group height, ray
theory was employed to find the phase, #, by integrating u
up to the classical reflection point; i.e.,the height at
which u» becomes zero when collisions are absent. When col-
lislons are present, u can become quite small near the class-
ical reflection point, but not zero. This raises some ques-
tion as to how to employ the ray theory in this situation,
Gibbons and Raoc (1957) used some fairly exact wave solutions
to find the phase at two closely spaced frequencies so that
38/ 3w could be approximated by AZ/Aw. They found that
computing the virtual heights in this manner at 150 ke¢/s
for the extraordinary mode compared very favorably with
the integral of u' up to the classical reflection level,

In fact u' drops sharply above this level so that any un=-
certainty in the upper limit of integration has negligible

effects,



wlla=

Rydbeck (1942) investigated the validity of ray theory
with collisions neglected for a parabolic layer whose semi-
thickness was 120 km, and compared  the exact virtual heights
obtained by a full wave treatment to that using ray theory.
He found that they differed only in a very narrow region
near the peak of the layer, provided that:the layer is not
thick compared with a wave length.

Thus  there is strong encouragement for the continued
use of the ray theory when collisions are present. The’
next section describes another procedure- for including
collisions in group height computations through the use
of the phase integral technique. |

2,3 The Phase Integral Method

Budden (1961) has proposed that when collisions are
considered, the phase path P is equal to the real part of
the contour integral of the complex refractive index, n,
from X = 0 (ground level) to the point in the complex
plane at which n becomes zero. This is at X = 1 - JZ for
the ordinary mode. The virtual height will, according to
Budden, be given by the integral equation

1-32 1 1-J2
dh dh dh
h' = Ri/’ n'dxdx = J{;'axdx + Rf/f n'ggdX (2.17)
0 0 1
where n' = n + r3ﬂ and u' = Re(n'), The virtual heights

af
obtained by the ray theory method of integrating u' up to

X = 1 would be correct, according to the above equation

if the last integral in (2.17) was small. This will be the
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case when the collision frequency is small and when dh/dX
is smgll.

In this formulation the collision frequency, v, must
be assgumied constant; this condition 1s of course, unrealistiec,
This would be a valid assumption if the base of the iono-
sphere started in a region in which the electron collisions
were small, It will be shown in Chapter 3 that, for values
of v between zero.and one-thousand, the group refractive
index, u', will énly be affected at and very near the re-
flection points., However, in the lower ionosphere, the col=-
lisions are much hore frequent and have a more pronounced
affect on the group refractive index.

Budden gives two further conditions which are neces-
sary for the phase integral formula to be valid. These are
the following:

(1) The square of the refractive index, n2, must vary
linearly with height over a range near the reflection level
where n = 0 ,

(2) There must be a range of height where the W.K.3.
solutions are good approximations, that is where (2.6) holds,
and this must extend from the ground lnto the region where
(1) applies,

Since the left side of (2.6) is inversely rroportional to
the square of the frequency, this condition is most easily
violated at low frequenciles,

Because of the restrictions placed upon the use of

the phase integral technique, particularly constant collisions
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and linear variation of n2 near the reflection level, all
group height computation to be presented and discussed in
this work will be based upon the use of equation (2.,16).
As mentioned earlier, the excellent agreement between this
method and the full-wave theory of Gibbons and Rao gives

encouragement for the use of the ray theory approach,

2.4 The Conversion of h'f Records to N=h Profiles

Approximate methods for obtaining N-h profiles from
h'f records have been known for several years. Untill the
advent of high speed digital computers these processes have
been conslidered too laborious for reducing any great number
of records without first making simplifying approximations.

The apparent height of reflection is given by

h'f = ﬁ'(f N)dh -[ a'f'dfn (2.18)
“0
where u' 1s the group refractive index, f 1s the operating
frequency, hr is the height of reflection, h 1s the height
abtove the ground, N{(h) is the electron density at height h,
and f, is the plasma frequency.

The problem of deducing the N-h profile now consists
of finding a function N(h) which satisfies (2.18). The
solution of (2.18) can be approached by two methods:

(1) Model methods: The shape of the profile 1is as-

sumed and substituted into (2.18), which gives an
integral which can be evaluated analytically.

The calculated h'f curve is then compared with



the one observed, and the parameters are varied
until the best match with the actual record is

found,

(2) Integral equation methods: The integral equation

method can be divided into two classes, In the
first, the equation 1s inverted directly and

solved analytically, In the second, the integral

is replaced by a discrete sum over a number of

plasma frequency intervals. The first is known

as the direct integral method and the latter, the

lamination method. The lamination method repre-

sents a most important advance in this field.

Thomas (1959) has given an excellent review and a com-

plete bitliography of the more usual methods of obtaining
N-h profiles from h'f curves. Schmerling (1957) has pro-
grammed the Budden matrix inversion method and has dis-
cussed the limitations of this method, as well as other
methods,

| One difficulty is due to the "valley ambiguity".
When the Fl1 layer 1is present, there may exist a‘decreése
in the electron density abocve this layer. Since the in-
tegral equation method assumes a monotonic distribution
with height, e.g., dh/df, of (2.,18) is single valued, this
condition will give results which are not strictly valid.
This method, if applied to an h'f curve which was produced
from a profile with a valley, in general, will not give

the actual profile, but an "equivalent" profile. The
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monotonic "equivalent" profile, which would give rise to the
observed htf curve, is everywhere lower than the actual pro-
file above the F1 peak, The effect of filling in the valley
is to over-correct for group retardation,

The other main difficulty of the integral equation
method is due to the "low frequency cut-off", Some assump-
tion must be made in all inversions of the integral equation
method concerning the missing portion of the observed h'f
curve belew the cut-off frequency. The usual assumption made
is that the curve can be extrapolated down to zero frequency
at a constant height at which the cut-off frequency is re-
flected. Often, when observing echoes from the E-region,
the h'f curves will be very flat; therefore, the above as-
sumption appears to be reasonable. However, this assumption
may produce considerable errors near sunrise and other times
when there is underlying lonigation which is not observed,

In all the methods mentioned, the effect of electron
collisions has been neglected, but most include the earth's
magnetic field. These methods of inversion can be applied
to low frequency sweep ionograms, provided the limitations
of zero collision models are understood at these low fre=-

quencies; this, indeed, is the objective of this study.
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3. THE GROUP INDEX OF REFRACTION INCLUDING
COLLISIONS AND MAGNETIC FIELD

3.1 Appleton-Hartree and Mu Prime Equations

Following the notation used by Budden (1961), the com-
plex refractive index of an ionized medium which has a su-
perimposed steady magnetic field, and in which electronic

collisions take place, is given by

X

1

2
1-32-5%,2/ (1-X=12) ¢ [TYTu/(l-X-JZ)Z-bYLz]%.

n =] -

(3.1)

This is the Appleton-Hartree equation which, as a first
approximation, governs much of the theory of radio wave pro-
pagation.

In the case when collisions are neglected (Z = 0), the
Appleton-Hartree equation reduces to

X

2

n =1 - l—o (3.2)

1
1-1v,.%/(1-x) ¢ [m.r“/u-x)?nf]z

The three zeros of n2, which correspond to reflection con-

ditions, occur when X = 1 and X = 1 ¢ Y,

The Appleton-Hartree equation simplifies to
n =1 -X (3.3)

for the case of no imposed magnetic field and no colllisions,
Here the only reflection condition occurs when X = 1,

For a more detailed discussion on these and other
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speclal properties of n2 the reader is referred to Ratcliffe
(1958).

As stated in Chapter 2, the group refractive index,
¥' is given by u' = u + r%%w When Z is not zero, i.e., when
the effect of collisions is included, the value of n2 is com-
plex. By writing u' as the real part of n' = Re(n + fggo,
it can be shown by direct differentiation of (3.1) that

nn' -1 --%(-x+%ﬂxz+<i-n2)[1-Jz-%axz (3.4)
1
+ 2ax-32) (07 [ v 2 (1ex-92) P4gry '] "5])
where
2 2 2,1y 4 3
D = (1-92) (1-X-32)-1%,2 + [ 2a-x-32) %1 2 Gs)

Thus, by computing n directly from (3.1) and utilizing the
above result, the group refractive index, u', is determined.
The detailed steps involved in employing (3.4) are sum-
marized in Apperdix A,

Several methods for obtaining values of u' have been
developed by other workers, Gibbons and Rao (1957) used
accurately tabulated values of the Appleton-Hartree equation
to find ¥, and plotted graphs of u against frequency for
various values of N &nd v. Then %%-was obtained by placing
a tangent to this graph at the required operating frequency.
This method was found to be sufficiently accurate for low
values of electron density for which the curves were slowly
varying with frequency; however, the method faliled to give

accurate results for high values of electron density,
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particularly near the reflection points, because of the sharp
changes in ¥, Abandoning this method, they computed values
of u at two closely spaced frequencies using an approxie-
mate form of the Appleton-Hartree equation. This procedure
yielded excellent results for the extraordinary mode at
and near the reflection point X = 1 + Y, but was very une-
reliable near the X = 1 level because of the approximate
form of the Appleton-Hartree equation. As will be shown
in this chapter, it is near this level that profound changes
in uw' can occur because of collisions. As a result, workers
who have used these approximate u' values may find their
computations seriously in error,

A more general method 1s to utilize the exact form
of (3.4). This is a very complicated and tedious method;
but, with the aid of a high speed digital computer, the
problem is feasible, and allows one to exercise great
flexibility in chosing the lonospheric parameters,

Such a computer program was developed and was used
to obtain the values of M' presented later in this chapter,
The Appleton-Hartree equation has been previously solved
for v and X by Mechtly (1959). A similar approach was
used here, but in a different coordinate system and in the
MKS unit system, Mechtly's program was adapted for use on
PENNSTAC, the digital computer in the Electrical Engineer-
ing Department. His program gives only ¥, X, the polarization
terms, and an accuracy check for one set of parameters in
eighty seconds. This program was extended for use on the

IBM 7074, which gives all the above data, in addition to ¥’',



in 0.4 second.

It is well at this stage to define what is meant by
the extraordinary and ordinary modes. Using the convention
followed by Budden, ordinary will be termed that mode for
which ¥' tends to infinity as X approaches unity with col-
lisions set to zero. The other mode, extraordinary, will
have a singularity in ¥' at that level where X = 1 + Y,

As to which sign in front of the square root of (3.5)
should be used to correspond to these modes depends upon the
ionospheric profile utilized. Since it is possible for a
discontinuity in the index to occur at X = 1, the reader is
referred to Appendix A for a discussion as to what sign

should be used to maintain continuity.

3.2 Presentation of the ¥' Curves

Titheridge (1961) has shown curves noting the effect
of collisions on the propagation of radio waves in the iono-
sphere, In his paper the majority of the frequencies used
vere those above the gyro-frequency. It is the aim of this
section to show similar curves for frequencies below the
gyro-frequency, i.e., in the sweep frequency range 100 - 1000
ke/s used at the Ionosphere Research Laboratory for sounding
experiments., These curves show the variation of k' for a
constant collision frequency with increasing values of elec=-
tron density. For the ordinary mode, curves of e/l o x
are plotted against /i—:-i, so that the function plotted 1is

always finite and the region near X = 1 is expanded. 1In a
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similar manner, for the extraordinary, u'v/l = X' is plotted
against Y1 - X' where X' = X/(1 + Y), so that the extra-
ordinary 1s reflected where X' = 1, 1In all cases considered
Y was larger than unity. The straight line plotted on these
curves corresponds to u' = 1l: any curves which drop below
this line will have a2 u'<l,

Families of curves were made for ten frequencies cover-
ing the range 100 - 1000 ke¢/s in steps of 100 ke/s; however,
to conserve space, only the odd frequencies are presented
(see Figures 1 - 11)., Figure 7 is an expanded view of Fig-
ure 6 around the point X = 1 and the critical collision fre-
quency. Other curves similar to this, and with similar re-
sults were obtained, but will not be presented in this work.
One of these should serve to illustrate the rapid changes

which occur in this region due to the presence of collislons.
3.3 General Discussion of the Influence of Collisions

The ordinary mode curves will be discussed first. The
general appearance of all the ordinary mode curves 1s much
the same and the following characteristics are noted,

The most striking feature of these curves is the neg-
ative values of u'; u' less than unity implies a group ve-
locity greater than the velocity of light. Since this can-
not occur, one can only conclude that the ray theory is not
valid for these cases., The X = 1 level is that region
where coupling can be important; as discussed in Chapter 2,
full-wave solutions are required. Thus for the ordinary

mode, it must be concluded that ray theory with collisions
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is not applicable to the reduction of low frequency iono=-
grams, This is not the case with the extraordinary mode,
as we shall see,

These negative values of u' occur for collision fre-
quencies of 103-sec-1, and larger, and are largest between

103 and lou-sec'l. For frequencies 500 kc/s and smaller,

u' remains positive for values of v greater than 8x105-sec'1;
however, the value of the phase refractive index, 4, is near
unity which indicates very weak reflections that could not
be detected.
It should be pointed out that when v = 0, the value
of #' tends to infinity as X approaches 1l; however, due
to the method of plotting these curves, #' 1 - X tends to a
finite limit as X approaches 1 for the zero collision case,
The general effect of collisions 1s to keepu' from
becoming infinite at X = 1; increasing the collisions reduces
the positive hump of ' near the reflection point. For

s-sec"1 and larger, n' approaches unity.

values of v = 8x10
This is true for all frequencies shown, but more so at the
lower frequencies.,

For X smaller than 0,65, which corresponds to
NE_:—E—J 0.6, the values of 1' are approximately equal to
each other for all values of v and all frequencies, As the
frequency increases, the values of #' remain approximately
equal over a larger range of X. As X approaches zero, i'

approaches unity,

All the extraordinary mode curves follow a definite
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pattern in which the variations become more pronounced as
the frequency is increased. _

The most noticeable pattern is the positive hump and
negative values which occur near the center of the curve.
This hump corresponds to the point X = 1, This peak in-
creases with increased collisions and has its largest
value at the critical collision frequency (vc = 5,348 x 105-
sec'l for State College, Pennsylvania). For v equal to and
slightly larger than Ve ? the value of u' becomes negative,

7

As v is increased above 10 -sec-l, p' is approximately

equal to unity. Figure 7, which is an expanded view of
Figure 6 around the point X = 1 and Vo
these features, Figure 7 also indicates thét both the

,» Clearly illustrates

largest positive and negative values for thls region occur
at Vo * Again, as for the ordinary mode, ray theory is not
valid for those specific values of v which make u' negative,
The height range corresponding to the collision frequencles
where ' for X = 1 becomes negative is 65 to 86 km., These
values were obtained from the collision frequency vs. height
curve (Figure 12), used to determine the collision fre-
quency as a function of height for the computations of vire
tual heights in Chapter 4,

To further display the influence of collisions on w!
at X = 1 and X = 1 + Y, values of u' for three wave fre-
quencies, 100, 500, and 1000 ke¢/s, and various collision
frequencies are shown in Table 1. Referring to this Table
it will be noted that the "bump" corresponding to the region
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TABLE 1
Extraordinary Mode Mu Primes At Reflection Levels

p' at ll pt' at N

roqikc/l) 100 500 | 1000 100 500 | 1000

1 ;;: x 105 [ 1.04 | 2.04] 5.15 || 36.20 |64.80 | 62.80
1.000 x 10° | 1,04 | 2,08 | s5.21 3.92 | 5.17 | 6.40
5.00¢ x 10% | 1.16 | u.su [ 11,40 1.84 | 2,35] 2.85
5,348 x 105 | 3.64 | s5.80 | 156.0 1.79 | 2.28 | 2.78
6.000 x 105 - |-0.97] -6.17 1.15 | 1.16| s.28
.000 x 106 - - | -0.52 1.1 | 1.62] ®.20
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where X = ] (Nc)- increases at first with increasing col-
lisions and is largest at v, (5.348 x los-aec'l). This
"bump" 1s more predominate at the higher frequencies, as
shown in the Table. The blank blocks represent cases where
the results were not rellable because of an overflow in the
computer,

The value of u' 1s always greater than unity for all
values of v less than Ve and is approximately equal for
values of v less than lou-sec'l, with the exception of very
near the reflection point Ny. Ny is the value of electron
density which makes X = 1 + Y, The values of u' near Ny
are reduced by increasing the collision frequency as shown
in Table 1. This decrease, in turn, is approximately equal

to the increase of u' at X = 1,
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4, INFLUENCE OF COLLISIONS ON VIRTUAL HEIGHTS

4,1 Method of Obtaining Virtual Heights

The group refractive indices presented in the previous
Chapter illustrated the influence of collisions upon these
indices. However, the precise effect that 1s produced up-
on group heights can only be determined if the ionospheric
model is specified. This chapter considers several model
shapes whose parameters represent realistic ilonospheres
and presents the results of group computations made with
and without collisions. The results, as will be seen, are
quite interesting.

Ray theory, as discussed in Chapter 2, was applied to
find the virtual heights presented in this chapter. Since,
in Chapter 3, ray theory with collisions was found to be
inapplicable to the ordinary mode, only the extraordinary
mode need be investigated. In the computation of the vir-
tual heights, uv' was integrated almost up to the classical
reflection level where X = 1 + Y, This was necessary in
that p' becomes infinite at this level for the zero col=-
lision case., However, several tests have shown that,
after the upper 1limit exceeded a certain value, no signif-
icant change in the group heights occured.

It 1s the aim of this chapter to determine the im-
portance of collisions on virtual heights obtained from
several realistic ionospheric models., Virtual heights are

tabulated which take into account collisions and are



0=

compared to the same model for which collisions were neg-
lected,

Figure 12 shows the collision frequency model of
Nicolet (1963) used in the computations. These values are
accurate only to a height of 126 km, Above this height,
the collision frequency 1s difficult to determine be-
cause of seasonal and diurnal changes. However, in any
case, v is small and was approximated by a constant value
of 103-sec'1. This 1s not a strictly valid approximation,
but it was shown in Chapter 3 that the group refractive
index for the extraordinary mode is approximately equal

for all values of v less than lou-sec'l° Hence, for heights

above 126 km, v was assumed to be 103-sec'1.
Five different model shapes were examined; these
models, with the equation defining the plasma frequency,

fn, are given below:

Linear: fn~ = a(h=hp)
Exponential: fn2 = (VA)2exp(ah)

where VA = exp(chy)
Parabolic: £n° = fp2[1 - Lhihm)z]

where fp = \f80.6179Ny
Cosine: fn2 --%fpz[l + cos ".E%EE)]

. 2 .1 2 h=g~hp

Double Cosine: n gfpl [1+cos(w " )] if fS,fpl

2 2 2 2 2 he
fn® = L1+, o =00y cos(n _Al‘m)

or 1f £f>f,,:
Pl 5 >
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In the above equations, the electron density dis-
tribution is readily found, in that fnz 1s directly pro-
portional to the electron density. The peak of the layer
is specified in terms of the penetration frequency, fp,
of the layer for the ordinary mode and is related to the
layer maximum electron density, N,, by fp -‘V§673I7§ﬁ—.

The N-h profile of each model 1s shown in Figure 13
and makes clearer the meaning of the parameters given
above., The corresponding sketches of typical virtual

heights from these models are illustrated in Pigure 14,

4,2 Presentation of Tables Showing the Influence of
Collisions on Virtual Height

The Tables presented in this section show a comparison
between the virtual heights (h'f) computed when collisions
were considered and the virtual heights (h'fo) computed when
collisions were neglected. The percentage error produced
by neglecting collisions and the true height of reflection
(h-f) are also shown. In examining these errors, it should
be kept in mind that virtual heights cannot be scaled from
records taken at the Ionosphere Research Laboratory to better
than £ 7 km,

Many different variations of each model were examined
but only selected ones which best 1llustrate the influence
of collisions will be presented. Since the cosine and dou-
ble cosine models are the most realistic models, more of

these have been presented,
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TABLE 2

Comparison of Virtual Heights - Linear Models

Model A Model B
Freq h=f h't h't Error hef h'f h't Error
(ke/s) | (km) (km) (kmJ % (km) (lm) (km3 %
100 87 98.4 108.1 9.6% 105 124,.4 124.6 0.2
200 93 i133.3 139.7 4,.6#% 111 154,.3 154,33 = =
300 100 172.9 177.4 2.5% 177 189.8 1849.8 -
400 107 221,6 221.9 0.1 124 231.7 231.7 -
500 115 274,0 273.9 - 131 280.6 280.6 -
600 124 334.4 334.4 - 139 337.5 337.5 -
700 133 4o0b,2 404.2 - 148 403.2 U403.2 -
800 143 484.7 484.8 - 157 478.9 478.9 -
900 153 578.1 578.1 - 167 566.5 566.5 -
1000 165 686.6 686.6 - 178 669.1 669.1 -
Model C Model D
100 85 85.3 104,56 18,.4# 03 102.1 103.1 1.0
200 91 122.5 134.4 8.9% 96 117.5 119.0 1.3
300 97 162.5 169.8 4,3 99 136.6 137.9 0.9
400 104 208.4 211.7 1,6% 103 159.5 160.2 0.4
500 111 260.9 260,6 -0.1 . 107 186.0 186.3 0.2

600 119 317.6 317.5
700 128 383,2 383.2
800 137 558.8 558.9
900 147 546.4 546.5
1000 158 648.8 649,1

111 216.6. 215.7
116 251.7 251.7
121 292.1 292.1
126 338.8 338.8
132 393.5 393.5

Model E Model F
100 B2 R2 8 93,7  11,1% 72 72.8 83.1 12.4
200 86 ©2¢£.3 109.,0 20.8% 76 76.0 99.0 23.2
300 89 113,7 127.9 11l.1% 79 79.8 117.9 32.3
koo 93 139.0 150.2 7.5% 8 8u4.F 140.2 39.7
500 97 165.6 176.3 6.1% 87 98.8 166.3 40.6%
600 101 205.2 206.7 0.7 Q1 150,2 196.7 23.6%
700 106 241.5 241.7 0.1 96 194,0 231.7 16.3%
800 111 282,0 282.1 - 101 229.5 272.1 15.7*

106 275.9 318.8 13.5%
112 370.8 373.5 0.7

900 116 328.7 328.8
1000 122 383.1 383.5

Model A B c D E F

a 3.02x10%0 3.2x1010 3.2x1010 6.0x1010 6.0x1010 6.0x1010
hy, 82 100 80 90 80 70
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TABLE 3
Comparison of Virtual Heights - Exponential Models
Model A Model B
Freq h-f h'f h'f, Error h=f ht'f h'ft Error
(ke/s), (km) (km) (km) % (km)  (km) (km}
100 119 260.9 267.3 2.4 106 174.9 177.7 1.5%
200 141 305.0 309.2 1.3% 116 192,5 192.4 -
300 154 331.9 333.2 0.4 122 202.5 202.6 -
400 164 351.8 353.1 0.4 127 211.3 211.3 -
800 190 426.6 428.6 0.7 138 245,2 245,2 -
900 19" ‘“‘9.2 u51.9 0.6 1"'0 25508 25508 -
1000 199 477.6 481.1 1.1 142 268,8 268.9 -
Model C Model D
100 89 113.9 149,2 23,8 89 114.2 137.7 17.0
200 97 150.,2 169.4 6.5 97 149.9 157.8 5.0
300 102 162.0 168.8 3.9% 102 162.7 168.7 3.6%
oo 106 175.7 176.0 0.3 106 176.3 176.4 -
500 ' 109 182.5 182.9 0.3 109 183.3 183.4 -
600 111 189.3 189.7 0.2 111 190.1 190.2 -
800 115 203.9 204.5 0.2 115 204.6 204.7 -
900 117 212.5 213.4 0.3 117 213.2 213.3 -
1000 é 119 222,8 224.3 0.7 119 223.7 223.9 -
' Model E Model F
100 82 82.6 137.3 39.9 82 82.0 105.6 22.4
200 89 118.1 147.7 20.0 89 117.7 138.3 15.1
300 94 139.4 155.4 10.3 obh 140.,0 151.,8 13,2
4oo 97 150.7 162,1 T7.1% 97 150.5 161.4 6.8%
500 100 167.8 168.4 0.5*% 100 168.1 168.4 0.3%
600 102 173.9 174.6 0.4 102 174.3 174.7 0.3
700 104 180,3 181.1 0.4 104 180.8 181.1 0.3
800 106 187.0 188.1 0.7 106 187.7 187.9 0.2
900 108 194,.5 196.1 0.8 108 195.4 195,6 0.2
1000 109 203.9 206.4 1.5 109 204.7 205.1 0,2
Model A B” c D F
VA 5.19x20" 6 7x103 6.7x103 6.7x103 6.7x103 6.7x103
a 0.0344 0.0768 0.092 0.092 0.1 0.1
hb 80 80 50 80 80
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TABLE 4

Model A Model B
Freq h=f h'f h'fs Error hef h'f h'f Error
(ke/8) | (km) (km) (im) % (km) (km) (km
100 81 80.8 83,7 3.5% 103 114,7 114.,9 0.2
200 82 81.8 88.4 7.5% 106 133.3 133.5 0.2
300 83 83.0 94,3 12,0% 110 156.,3 156.5 0.1
400 84 84,5 101.7 16.9*% 115 184,6 184,8 0.1
500 85 86.5 111.8 22.6% 120 219.3 219.6 0.1
600 87 97.9 122.3 20.0% 126 261.8 262.2 0.2
700 88 115.4 136.,8 15,6% 132 314,3 314.8 0.2
800 90 132.2 155.7 15.0% 139 379.5 380.3 0.2
900 93 148,6 181.0 17.9* 148 462.3 463.1 0.2
1000 94 193,7 217.3 10.9*% 157 569.0 570.4 0.2
Model C Model D
100 101 106.,1 106.2 0.1 81 81.3 86.2 5.7%
200 103 113.9 1.14,1 0.2 83 83.0 94,1 11.8*
300 104 123.7 123.9 0.2 84 85.0 103.9 18.2*%
hoo 106 135.9 136.,1 0.2 86 92.7 116.1 20,.2%
500 108 151.2 151.3 0.1 88 113.9 131.4 13.3*%
600 111 170.4 170.5 0.1 91 134,0 150.5 11.0%
700 114 194.7 194.7 - 94 155,9 ,74.7 10.8%
800 117 226.1 226.1 - 97 193.3 206.1 6.2
900 | 121 268.3 268.3 - 101 246.0 248.3 0.9
1000 . 126 328.8 328.8 - 106 307.4 308.8 0.5
Model hy(km) hy(km) A(km) Nj(el/m3)
A 80 110 30 4y x 1010
B 100 250 150 5 x 1010
c 100 150 50 b x 10%8
D 80 130 50 4 x 10
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TABLE §
Comparison of Virtual Heights - Cosine Models
Model A Model B
Freq h=f h'f h'fes Error hef h'f h'f, Error
(ke/s)| (km) (km) (km) p (km) (km) (km) 4
100 106 119.7 120,0 0.2 95 128,0 130.6 2.0%
200 109 129.7 129.8 0.1 102 156.9 .57.6 0.4
300 111 139.0 139.0 - 109 182,7 .183,2 0.3
boo 113 148.,1 148.1 - 114 209.,2 209.8 0.3
500 115 157.5 157.0 0.3 120 237.8 -238.5 0.3
600 117 167.3 1A7.3 - 125 269.5 270.3 0.3
700 119 177.8 177.8 - 131 305,7 306.5 0.3
800 121 189,1 189,1 - 137 347.6 348.8 0.3
900 122 201.6 201.6 - 143 398.5 399.5 0.2
1000 124 215,9 216.0 - 149 L461.4 U63,.6 0.5
Model C Model D
100 Rq 104.2 109.5 4, 8% 77 77.9 95.3 18.3
200 93 121.7 125.2 2.8% 81 81. 108.8 24.8
300 97 138,7 140.2 1.1 84 85,5 121.6 29.7
4oo 100 154,7 155.7 0.6 87 101.8 134,9 24,5+
500 103 171.8 172.4 0.4 90 125.7 149.2 15,.8%
600 106 190.4 191.0 0.3 93 144.6 165.,2 12,5*%
700 110 211.6 212.1 0.2 95 159.3 183,3 13.1*
800 113 236.,1 236.8 0.3 98 203.3 204.4 0.5
900 117 265.8 266.4 0.2 101 227.5 229.7 1.0
1000 120 302.4 303.7 0.4 105 258.8 261.8 1.2
Model E Model F
100 75 T75.5 87.7 13.9 80 8n,0 102.0 21.6
200 78 78.2 96.9 19.3 84 85.2 119.5 28.7
300 80 80.7 1105.5 23.5 88 111.9 136.7 18.,1%
4oo 82 83,1 114,11 27.2 92 138.3 155.2 10.9%
500 84 85,6 123.2 30.5% 96 161.9 176.1 8.1%
600 86 88.4 132.9 33.5% 107 188.3 176.1 6.3
700 87 108.3 143.,4 24,5% 104 231.6 231.9 0.1
800 89 121.8 155.1 21.5% 109 273.3 273.4 0.2
900 91 129.3 168.4 23,2% 115 337.3 337.9 0.2
1000 93 128.8 184.0 30.0% 125 520,8 522,0 0.2

continued next page
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TABLE 5 =« continued

Model G Model H
Freq h=f h'f h'f, Error h=t h'f h'fy, Error
(ke/8) | (km) (km) (km) (km) (km) (km) %
100 91 93.9 94,2 0.3 82 82,5 87.9 6.2%
200 92 96,1 96.4 0.3 84 83,7 92.0 9.0%
300 92 98.1 98.6 0.5 84 84.8 95.8 11.5*
100 93 100.3 100.8 0.5 85 85.9 99,5 13.7*
500 93 102.6 103.1 0.5 86 90,1 103.5 13.0%
600 94 195,2 105.8 0.6 87 96.7 107.7 10.2%
700 94 108.2 108.8 0.6 88 101.4 112.2 9,6%
800 95 111.6 112.3 0.6 88 104,2 117.2 11.1%
900 95 115.8 116.5 0.6 89 113.0 122.8 8.0%
1000 95 115.8 116.5 0.6 90 127.3 129.2 1.5
Model I
50 85 85.4 97.1 12.0%
75 86 91.8 101.7 9.7%
100 88 98.8 106.2 T.0%
200 92 120.3 125.3 4,o®
300 97 154.4 158.,4 2.5%
Model  hy(km) h (km) A(km)  Np(el/m’)
A 100 250 150 5 x 101%
B 80 200 120 5 x 1010
C 80 150 70 5 x 10%0
D 70 130 60 5 x 1077
E 70 130 60 1 x 10y,
F 70 130 60  3.15%10y,
G 90 100 10 5 . 1074
H 80 111 31 1.35210g
I 80 103 23 x 10
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TABLE 6

Comparison of Virtual Heights - Double Cosine Models

Model A Model B
Freq h=f htf h't Error | hef h'f h'f, Error
(ke/s)| (km) (km) C(m % | (km) (km) (km)
100 84 84,9 119.4 28.9 . 94 126.1 129.4 2.6%
200 93 140.,9 158.5 11.1 ' 103 167.6 168.5 0.5
300 105 251,3 261.6 3.9* = 115 271.1 271.6 0.2
koo 116 251.8 257.0 2.0% 126 266.4 267.0 0.2
500 119 241,8 242,3 0.2 | 129 251.6 252.3 0.3
600 | 122 243.5 244.3 0.3 | 132 253.5 254.3 0.3
700 124 249,3 250.3 o.4 | 134 259.5 260.3 0.3
800 127 246.6 247.9 0.5 137 256.8 257.9 0.l
900 129 254,3 255.9 0.6 ' 139 264.7 265.9 0.5
1000 131 276.4 278,2 0.6  1b1 287.0 288.2 0.4
{
Model C f Model D
100 101 126.5 137.0 0.4 | 93 120.8 124.2 2.7%
200 107 156.0 156.4 0.3 | 100 150.8 151.8 0.7
300 116 233.4 233.7 0.1 | 106 183.9 184.5 0.3
400 . 126 145,4 245,9 0.3 ° 114 233.1 233.6 0.2
500 129 236.8 237.k 0.3 129 516.7 516.7 -
600 : 132 241.2 241.9 0,3 | 151 524.4 525,7 0.2
700 ' 134 249,8 250.5 0.3 | 160 528.5 530.0 0.3
800 137 251.6 252.5 0.4 | 168 558.4 559.8 0.3
900 ' 139 261.0 262.1 0.4 . 175 607.7 610.0 0.k
1000 . 141 283.4 284,0 0.2 | 182 654.4 656.5 0.3
Model E i Model F
100 124 190.1 190.4 0,2 99 119.3 120.0 0.5
200 156 359.8 360.6 0.2 103 139.% 139.9 0.3
300 169 355.1 356.1 0.3 108 166.0 166.4 0.3
boo 178 379.2 38o0.4 0.3 115 230.3 230.7 0.3
500 187 405.6 ho7.0 0.k 148 8551,5 552,4 0.2
600 195 435.0 436.6 0.4 164 582,1 583.4 0.2
700 203 478.3 480.0 0.4 177 638.1 639.7 0.3
800 212 533.7 535.7 0.4 189 720.6 722.3 0.3
900 220 603.5 605.5 0.3 201 812.0 814,3 0.3
1000 230 692.4 695.4 0.4 213 895.7 898.8 0.4

continued next page
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TABLE 6 « continued

Model G Model H
Freq h={ h't h'f Error hef h'f h'f Error
(ke/s)| (km) (km) (kmd % (km) (km) (m) %
100 82 82.6 111,3 25,8% 105 117.6 117.7 0.1
200 89 112.7 139.5 19.2% 108 128,6 128.7 0.1
300 96 164.,1 178.8 7.9% 111 141.6 141.8 0.2
hoo 109 373.0 387.4 3,6% 113 161.2 161.4 0.1
500 140 532.5 533.0 0.1 120 274.7 274.7 0.1
600 153 558.3 559.4 0.2 145 487.4 488.1 0.1
700 165 610.2 6l2.4 0.3 157 516.7 518.1 0.3
800 ' 176 687.5 690.0 0.4 166 563.2 564,7 0.3
900 | 187 761.0 763.9 0,2 175 630.5 632.0 0.2
1000 | 198 830.5 834.3 0.3 183 704.4 706.2 0.3

Model hy(km) hy(km) a(km) A(km) Ny (s1/m3) N (el/m’)

m}

A 70 150 T 40 7.0 x 107 5.0 x 103V
B 80 160 40 40 7.0 x 10 5.0 x 10%8
c 90 160 30 4o 7.0 x 10%0 5.0 x 1077
D 80 300 50 170  1.238x10 1.0 x 10y
E 100 300 o 160 3.101x10§0 5.0 x 107,
F 90 300 20 180 1.0 x 10 5.0 x 107
G 70 280 I 170  9.415x109 5.0 x 107,
H 100 300 20 180 1.238x1010 8,0 x 10
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The cosine models H and I correspond to day and night-
time models, respectfully, as fitted to data from rocket
measurements reported by Smith (1962). Cosine model H 1is
also very similar to a modified Chapman model used by
Nertney (1953). Cosine model G corresponds to a sporadic-E
layer of thickness 20 km. The linear model A approximates
a nighttime model of the lower ionosphere proposed by
Mechtly (1962), while the remaining linear models were
chosen to illustrate the effect of raising or lowering the
base of the ionosphere. The double cosine models approxi-

mate the E and F-regions.

4,3 Importance of Collisions

In all moiels investigated, the errors produced when
collisions were neglected were highest when the true height
of reflection (h-f) was less than 90 km, which 1s in the
height range corresponding to v,. This large error, which
was independent of model shape, can be accounted for in two
ways: (1) The level at which X = 1 is in the same range

as the helight which corresponds to v This can gilve rise

-
to negative mu primes as was shown in Chapter 3 and it is
here where ray theory should be avoided. (2) The height
of reflection is low enough so that the X = 1 level 1is
below that range where the colllsion frequency can cause
negative mu primes; in this region ' is quite small.
Whenever collisions are neglected, ' at reflection becomes

infinite; hence, this will produce virtual heights which
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are much larger than those produced from case (2), This
sitvation can sometimes be detected by observing whether or
not there is much group retardation, If the virtual height
(with collisions) is nearly equal to the true height of
reflection, as for an example the linear model F or the
cosine model E, then one can say that the error produced
was that of case (2),.

The frequencies which apply to case (1) are marked in
the Tables by an asterisk and these virtual heights should
be discarded because, as stated in the previous chapter, a
negative p'! corresponds to a breakdown of ray theorye

Referring to the linear models, it is noted that the
largest errors are produced for those models for which a
is the largest. The slope of the profile is determined by
¢; larger a's give rise to a flatter profile., Observing
linear models C and E, it will be noted that E produces the
larger error. This is because the higher frequencies are
reflected at lower levels which are in the "coupling region®,
For all linear models considered with their base beginning
above 90 km, the error produced by assuming zero collisions
is negligible. Actually, the base could be extended to 87
km without introducing larger errors since v, occurs at a
height of about 86 km,.

The a in the exponential models has a similar effect
on the virtual heights. One particular frequency would be
reflected lower for a larger a, with all other parameters

remaining constant, and in turn would give rise to a larger
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error, as shown by the exponential models C and E. The
exponential model has a "talil" which would approximate the
daytime lower 1lonosphere.

The parabolic models approximate the nighttime
conditions, in that they have no slowly-decaying tail of
ionization. Models A and D produce serious errors in parts
or all the frequency range examined} The asterisks by each
frequency indicate that the X = 1 reflection level was in
the "critical coupling™ region. The higher frequencles
were reflected at lower heights because of the large
gradients produced by this type of layer. Models B and C
with bases at 100 km, produced negligible error when col-
lislons were neglected,

Cosine models D, 'E, and F are the same model with the
exception of the maximum electron density at the peak of the
layer. The higher Nm is, the lower the reflection height
becomes because of the increased electron density gradients.
This, in turn, produces larger errors for a given frequency.
The cosine model G which approximates a sporadic-E layer
produced small errors when collsions were neglected. Agailn,
a8 in the previous models, the asterisk refers to those
values which are not accurate or reliable because the ray
theory cannot be applied in this region.

As 1llustrated in Figure 14, the double cosine layer
can give rise to a "bump" in the group height and this 1s

evident in the double cosine models A, B, C, and E.
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This bump is not seen on the models D, F, G, and H since
finer frequency intervals would be needed. As previously
mentioned, this bump occurs around a frequency which has the
X = ] reflection condition at or near the peak of the

lower layer, which is sometimes referred to as a "ledge",

From the above observations one can generally tell,
given an N-h profile, to which frequencies ray theory
(assuming zero collisions) can be applied. However, given
the virtual heights from a record, determining the cases
which can be reduced by the simplified ray theory is not
as stralight-forward and simple,

The small margin of errors produced in the virtual
heights which are from reflections from the upper layer of
the double cosine validates the generally made assumption
that the influence of collisions may be neglected in the
FP-region and at high frequencies. This assumption can be
extended to frequencies below 1 me/s; in fact, this
assumption can be extended to almost all low frequency
ionograms displaying traces with large group retardations.
Sporadic-E layers, which, in general, give rise to an almost
flat linear trace, can be reduced by the simplified ray
theory method, provided the base of the layer 1s above 90
km as 1s usually the case,

The very low frequency virtual heights (below 300 kc/s8)
are almost certaln to be in error when collisions are neg-
lected; however, when these reflections come from a region

above 90 km, the simplified ray theory case can be applied.



5. PRESENTATION OF TYPICAL RECORDS FOR WHICH
RAY THEORY CAN BE APPLIED

5.1 Presentation of Typical Low Frequency Ionograms

The previous chapter has been concerned with the
determination of the theoretical ionogram from a given
ionospheric model. In this chapter typlcal ionograms
taken at the Ionosphere Research Laboratory are presented,
for which a ray theory treatment of analysis would be pos-
sible., It whould be pointed out that the usual ionogram
corresponds to a situation in which no signiflcant group
retardation 1s observed over the sweep frequency range.

This corresponds to reflections from the very steep base

of the ionosphere or reflections from the so-called
sporadic-E layer. 1In these cases, only a full wave treat-
ment would be meaningful. However, under certain iono-
spheric conditions, the features of the upper regions of the
ionosphere can be observed, and, at these times, large

group retardations are the case, as illustrated by the
records given in Figures 15 and 16, Such records are not
plentiful, but are frequent enough to justify the obJectives
of this investigation.

The two specific types which are illustrated are the
more frequent forms observed. One, having a region of large
group retardation, occuré at about 550 kc/s and corresponds
to a sort of double cosine profile, which was discussed 1n

the previous chapter, In this situation, the large group
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retardation will occur whenever the ionospheric "ledge"
becomes X = 1 for the extraordinary mode. The other form
is simply due to a monotomically increasing electron den-
sity distribution like the linear, or exponential models,
for instance, also discussed in Chapter 4.

On the records which are presented, it 1s noted that
both light and dark traces are present; these correspond
to echoes having North into West and North into East
polarization senses respectively, and are purjosely so
recorded by the polarized receiver in order to distinguish
between the two ionospheric modes. Several other interest-
ing ionograms have been catalogued and are given by Hardy

(1963).

5.2 Brief Description of the Low Frequency Ionosonde

Figuré 17 is a blo?k dlagram of the transmitting and
recelving system which has been used for taking low fre~
quency ionograms. Recelver tracking is accomplished by
using the variable frequency oscillator (VFO) of the trans-
mitter as a local oscillator for the receiver to produce
a 3 me/s intermediate frequency. The receiver and recording
equipment, inter-connected by cables in order to secure the
necessary synchronization between the units, are located
1500 feet from the transmitter,

The polarized receiving antenna consists of two center-
fed, co-planar horizontal dipoles at right angles, which are
480 feet long and 90 feet above the ground. Using the
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Parkinson technique, the phase of the signal from onedipole,
after amplification is advanced by w/U, and that of the
other dipole retarded by the same amount, so that upon
adding these signals a receiver output voltage represent-
ing that circular component rotating North into West is
produced. Subtraction results in a voltage corresponding
to the North into East circular component. This can be
made clearer by considering a circularly polarized wave
rotating North into West and incident vertically on the
antenna., The voltages induced in the North and West legs
of the dipole are equal in magnitude, but that in the North
leg will be leading by */2. If the North voltage is shift-
ed in phase by -w/l , and that in the West leg by +W/4, the
resulting voltage, when added, will give an output of which
the intensity is proportional to the amplitude of the North
into West wave. In the N-E channel these voltages are sub-
tracted, and, since they are equal, the resultant produces
zero output. In a like manner a North into East wave pro-
duces as output in the N-E channel and cancellation in the
N-W channel. However, due to equipment characteristics,
this cancellation is never complete., The ratio of the
voltage produced in the desired channel to that in the re-
Jected channel, which is called the rejection ratio, can be
maintained at a value of only 15:1,

In the transmitter, a crystal-controlled 3 mc/s pulsed
oscillator is mixed with the VFO, which varies in frequency
from 3.050 to 4.000 me/s. The output of the mixer is



filtered as to allow only the frequencies 50 to 1000 ke/s

to drive a wide band amplifier whose 1/2 megawatt peak outrut
is fed into a wide band traveling wave antenna. The sweep-
ing time from 50 to> 1000 kec/s can be adjusted in steps of
one, two, or four minutes., The records shown in this chap-
ter were obtained from a two minute sweep.

The two outputs from the polarimeter go to a video
subtractor-amplifier whose output intensity modulates the
Z-axis of an oscilloscope. The quiescent intensity is
adjusted for a density on the film of about one-half max-
imum, so that a decrease in the film density (light) then
implies one sense of rotation, and an increased density
(dark) corresponds to the other sense of rotation.

All recording 1s done on 35mm film, and the necessary
frequency and height markers along with date markers are

automatically photographed.
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6. SUMMARY AND CONCLUSIONS
6.1 Statement of the Problem

Ray theory without collisions, which has been suc-
cessfully used to convert high frequency h'f data into
electron density profiles, might be extended to the lower
frequenclies if the influence of collisions at the lower
frequencies are known, The specific aims of this inves-
tigation have been to investigate the effect of collisions
on low frequency group heights for several realistic iono-
spheric models and to evaluate the results in order to
determine what limitations must be placed upon the frequency
and model shapes, if any, so that the simplified ray theory
could be applied.

6.2 Review of the Procedure

The investigation procedure involved two phases, In
the first, u1 ' was lnvestigated as a function of sounding
frequency, electron density, and collision frequency; the
cases corresponding to u' less than one or negative were
ruled out for the application of ray theory. In the second,
virtual heights were computed for realistic models with col=-
lisions neglected and collisions inculded and were compared,
By noting the error produced and applying the results of the
first part of the investigation, cases where ray theory

could not be applied were clearly defined.
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6.3 Conclusions

As a result of this investigation, the following con=-

clusions can be stated:

(1)

(2)

(3)

(4)

(5)

The ordinary mode ' becomes negative near the
reflection point for that mode when collisions are
included.

The extraordinary mode p' can be negative near

X = ] for values of y at and slightly above v,.

For values of v below v u' can become large

e?
(positive) at X = 1, This phenomenon has been
neglected by other low=-frequency workers,

The extraordinary mode p' at the reflection polint
is controlled by v; increasing v tends to decrease
n',

The reduction of the ordinary mode virtual heights
at low frequencies by ray theory is not possible,.
The reduction of the extraordinary mode virtual
heights by ray theory 1is not possible under cer-
tain restricted conditions, These are:

(a) The level at which X = 1 is in the same range
as the height which corresponds to v,; this can
give rise to negative mu primes.

(b) The height of reflection is low enough so
that the X = 1 level is below that height range
where the collision frequency can cause negative

mu primes; in this region u' is quite small be=-

cause of the large number of collisions.



(6)

(7)

(8)

(9)

(10)

(11)
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The models displaying sharper gradients produce
the greatest error.

Ray theory can be applied to models having bases
starting above 90 km,

Virtual heights from daytime models can be in
error over almost the entire sweep frequency range
of interest.

Sporadic layers may be reduced by ray theory 1if
their base begins above 90 km,

Nighttime models with a low base (80 km) may pos-
sibly be good at frequencies above 300 ke¢/s.

Low frequencies reflected from the F-region can
always be reduced by ray theory and such iono-

grams are frequently obtained.

From the above conclusions one can define precisely

those N-h models for which ray theory 1s applicable. How-

ever, given an lonogram, the determination over which fre-

quencies the virtual heights can be reduced by ray theory

is not straight-forward and simple. From the above con-

clusions one can be reasonably safe in assuming that zero

collision ray theory can be used to reduce virtual helghts

which exhibit large group retardations; however, one should

recompute the virtual heights from the reduced N-«h profile

including collisions for comparison.

In view of these conclusions, the obJectives of this

investigation as set forth in Chapter 1 have been satisfiled.

Observing the limited restrictions as stated above, the re-
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duction of low frequency ionograms by ray theory should

greatly extend the knowledge of the lower ionosphere.

6.4 Suggestions for Further Study

In order to further the knowledge of the lower iono-
sphere, the following suggestions are made:
(1) The developement of accurate full wave methods
of obtaining virtual heights which could explailn
the behavior in the regions where ray theory falls,
(2) The developement of ray theory methods for re-

ducing lonograms when collisions are considered.
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APPENDIX A, DETAILS OF MU PRIME AND
VIRTUAL HEIGHT COMPUTATIONS

This section 1s included in an effort to assist future
workers who wish to utilize the techniques presented in this
investigation; since the u' formula is extremely complicated,
thlis appendix presents the p' formula in a form suitable for
computation.

All computations were done on the IBM 7074 digital com-
puter at the Computer Facllity of the Pennsylvanila State
University., The equation for u' was broken down into short-
er equations suitable for programming in the Fortran lange
uage utilized with the 7074, A list of these equations

based upon the u' form given in Chapter 3 1is:

F’
u' = UP = U + 5555[-GPP + PGG tf%{pp(zp-c) + PGG -

g%g(Ez + P%) + ZE(EE)H

(A=1)
where:

T =1 -2 - p/e) 4 (2E/G)2 (A-2)
PP(2) = X(PPX - PPY)/F (A=3)
PP(1) = X(PPX + PPY)/F (A-14)
PPY = -2A + FAA + 4AX - FXAA + 3ZB - FZBB (A=5)
PPX = -4 + 16X -82° (A-6)
EE(2) = X(EEX - EEY)/F (A=7)
EE(1) = X(EEX + EEY)/F (A-8)

EEY = FXBB - 4XB - FBB + 2B - FZAA + 3ZA (A=9)



EEX = Z(=14X% + 20X = 8 = 10Z - 5YT°)
GG(2) = 2C(UX + 422 + 2YT2 + FAA)/F +
2D(4Z - 6XZ + FBB)/F

GG(1) = 204X + 422 + 2y72

- FAA)/F +
2D(4Z - 6XZ - FBB)/F

AA = YL2(QAB + Q)/(FA)

BB = YL?(-QAB + Q)/(FB)

Q = [(ac)qaB + (Ba)Z(-10% + 6)]/(CE)

QaB = -yr¥/¥L2 - 2 + 8X - 6x2 + 4z

UT = 1/2 =« H/2G + W

IF UT20
U =VuT
CHI = E/UGI
IF UT<0 .
cHI = [-1/2 + B/26 + W]z
U= E/CHIGI
1 i
v =t - we? + (2m/6)2)2
P = H/2
H = 2CX(1 - X) - 2DXZ
G = c2 + p?
E = DX° - DX - CXZ
B = (BG)/2A

D(2) = 2XZ - 4Z - B
D(1) = 2XZ - 42 + B
C(2) = 2 = 2X = 222 = y12 - A

C(l) = 2 = 2X = 222 = Y72 + A

(A-10)

(A-11)

(A-12)
(A-13)
(A-14)
(A-15)
(A-16)
(A-17)

(A-18)
(A-19)

(A=-20)
(A-21)
(A-22)
(A-23)
(A-24)
(A-25)
(A=26)
(A=27)
(A-28)
(A-29)
(A-30)
(A=31)
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IF X< 1, A = <\/(AG + CG)/2
IP X =1, A =VAG

IF X» 1, A =7V(AG + CG)/2
ca = Va2 + a2

BG = -8YLZZ(1 - X)

a6 = ¥r' + 4yl - x)2 -uzévL

2

Z = AK3V/F

YT = AK2(FIELD)SINF(THETAAKY)/F
YL = AK2(FIELD)SINF(THETAAKY)/F
X = AK1(ELECT)/F2

RA = A = AX - BZ

RB = BX = B = AZ

RD = 2vL[(1 - X)2 + 2]

R(1) = (=YT°Z + RB)/RD

R(2) = (-YT°Z - RB)/RD

S(1) = (Y72 - XYT° + RA)/RD
$(2) = (Y72 - XYT° = RA)/RD
DELTA = 1010( 1 - R(LR(2) - s(1)s(2jl

+ | R(1)s(2) + R(2)S(l),)

AK1 = 8.06179 x 10%
AK2 = 2,79938 x 101°
AK3 = 0.159155

AKA = 1,74528 x 1072

(A=32)
(A=33)
(A=34)
(A-35)
(A=36)
(A=37)
(A-38)
(A=39)
(A=40)
(A=U41)
(A-42)
(A-43)
(A=44)
(A-45)
(A-46)
(A-47)
(A-48)

(A=49)
(A=50)
(A-51)
(A=52)
(A=53)

Under certaln conditions the argument 1n the square

root used in determining p could become negative (this re-

fers to (A-18)) and an alternate form of computation must

be used to solve for u. Such a situation could occur for
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a small number of collisiors, If this occurred, x was
computed f'rst anu p was found in terms of x through (A-21).
This difficulty 1s handled in the program by the use of
"IF" statements. "IF" statements are also used to determine
the correct signs for other square roots, as described below,
and to byrass certain operations when the zero magnetic
field case 1s to be studied. If this i1s not done the maxi-
mum capacity of the computer would be exceeded. Therefore,
the program which was developed 1s flexliable in that the no
field case with or without collisions, in addition to the
case when all the variables are included, could be employad.
It will be noted in the list of equations that sor-=
of the quantities are subscritped with (1) or (2). The
subscript (1) corresponds to the plus sign and (2) to the
negative sign which appears in front of the square root
operation. The plus sign is taken to correspond to the
extraordinary mode and the minus to the ordinary mode. How=-
ever, 1f the collision frequency 1s greater than the crit-
ical collision and if X 1s equal to, or greater than one,
the opposite signs must be used. Thls must be'done if the
p' curves are to be continuous through the point X = 1,
This change of sign is done automatically 1n the program.

The following chart wou.d make this convention easy to

follow,
v<vc V>V,
N <Ng N 2 Ne Ter a1l N
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The double-lettered quantities are the partial deriv-
atives of the single-letter quantities with respect to the
operating frequency. The DELTA or accuracy check (A-50)
was included to serve as an indication of the accuracy of
the calculation. This should be zero ideally, but values
between 102 and 103 are acceptable., It should be noted
that there is a factor of 1010 times the actual DELTA in-
troduced for ease of read-ocut. Near the reflection points
where parameters vary rapldly the accuracy check may be 10“
or higher,

Comparison of the results from this program and a
similar program written in double precision has shown
agreement to at least six flgures, with the exception of
the ordinary mode values which agree to three figures near
the reflection point X = 1, Only the extraordinary mode
was considered in the computation for the virtual helghts.
In this comparison only ¥ and X values were available from
the double precision data. Since errors in the calculation
of # and X were small, 1t 1s a reasonable assumption that
p' calculations would not call for double precision com-
putation,

Theta, the magnetic field, the electron density, the
collision frequency, and the operating frequency, which
make up the parameters, are read in on a data card with no
limitations on the number of data cards to be used. On the
last data card a number for the variable LAST is read in

which stops the program. The computation time required for
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each set of parameters is 0.4 second.

In the program to find virtual heights the mu prime
program is used as a sub-program, It 1s actually the inte-
grand of the integration routine., The method used to find
virtual heights i1s that of integrating u' up to the clas-
sical reflection points, e.g., X = 1 for the ordinary mode
and X = 1 + Y for the extraordinary. The integral used was

hy
h'f -j p'dh (A-54)
By,
where hpy is the height of reflection and hy, is the height
of the base of the layer,

The numerical integration technique used was a Gaus-
sian quadrature method in which an extended five-point
Gaussian quadrature formula was used which is exact for
ninth-degree polynomials. The formula is accurate to the
extent that the integrand can be approximated by a ninth de-
gree polynomial over each five-point segment of each inter-
val,

The number of intervals is specified in the input data.
Test have shown that fifteen intervals 1s sufficlent. The
difference in the virtual heights computed from fifteen in-
tervals to those with fifty or one-hundred is in the frac-
tions of one percent. Therefore, when fifteen intervals are
specified the integration is over 75 height segments.

The method used to determine the true height of reflec-
tion is that of solving the plasma frequency equation, which
is a specified function of height for a given model, for h
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when the plasma frequency fn is equal to f, the operating
frequency, for the ordinary mode, and rn is equal to £(1+Y)
for the extraordinary mode. This 1s done in a sub-program
which must be changed for each different model shape. The
height of the base, hy, is read in as a constant,

The p' program had to be modified slightly for use
with the virtual height routine. Since u' was to be inte-
grated over height, X must be known as a function of height.
A sub-program was written which would give the plasma fre-
quency as a function of height; and, since X = rnz/rz, the
value of X is obtained. Any new model can be used 1i1f the
necessary sub-programs aré written. The time required to
find one virtual height curve for_ten frequencies is approx-

imately 20 seconds.
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